WEIGHTED PLURICOMPLEX ENERGY 
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Abstract. We study the complex Monge- Ampere operator on the classes 
of finite pluricomplex energy £ x (fi) in the general case (x(0) = i.e. the 
total Monge- Ampere mass may be infinite) . We establish an interpreta- 
tion of these classes in terms of the speed of decrease of the capacity of 
sublevel sets and give a complete description of the range of the operator 
(dd c -) n on the classes £x(ty- 



1. Introduction 

Let C C n be a bounded hyperconvex domain, i.e. a connected, bounded 
open such that there exists a negative plurisubharmonic p such that {z £ 
0,; p{z) < — c} <e O,, Vc > 0. Such a function p is called an exhaustion 
function. We let PSH(£l) denote the cone of plurisubharmonic functions 
(psh for short) on Q and PSH~ (O) denote the subclass of negative functions. 

In two seminal papers [12], p3], U.Cegrell has introduced and studied the 
complex Monge-Ampere operator (dd c -) n on special classes of unbounded 
plurisubharmonic functions in f2, called Energy classes. In [6j, a formalism 
developed in [19J, was used to give a unified treatment of all these classes 
in the case of finite total Monge-Ampere mass. Here, we continue our study 
in a more general context. Given an increasing function % : M~ — > M _ , we 
consider the set £ x (£l) of plurisubharmonic functions of finite x~ weighted 
Monge-Ampere energy. These are the functions u € PSH(0,) such that 
there exists a decreasing sequence Uj £ £q(£1) with limit u and 



sup / (— x) ° Uj(dd c Uj) n < +oo, 
jgn Jn 



where £q(Q) is the cone of all bounded plurisubharmonic functions ip defined 
on the domain 17 with finite total Monge-Ampere mass and lim 2 ^ <p(z) = 0, 
for every ( £ dQ. When X (t) = -(~t) p (resp. X (t) = -1 - (-t) p ), £ x (fi) is 
the class £ p (n) (resp. ) studied by U.Cegrell in p]. 

The classes £ x (£i) have very different properties, depending on whether 
x(0) = or x(0) 7^ 0, x(— °°) = —°° or x{~ °°) 7^ — oo, \ i s convex or 
concave. If the function \ ls convex, or concave, then the class £ x (ty is 
subset of a natural family of psh functions introduced by U. Cegrell in [T3] 
(cf section 4). In particular, we have 
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Proposition A. Let x '■ R — > R 6e a convex, or concave, increasing 
function such that x{~ 00 ) = — 00 anc ^ x(0) = 0- 27ien 

£ x (0) cAT a (fl). 

In particular the Monge- Ampere measure (dd c u) n of a function u G S x (^) 
is we// defined and does not charge pluripolar sets. More precisely, 

£ X (U) = {u G N(n)/ X °u G l}{(dd c u) n )} . 

Many properties follow from an interpretation of these classes in terms of 
speed of decrease of the capacity of sublevel sets: 

Proposition B. If x is an increasing convex function, then we have 

S x (n) = L € PSH~(Si) I £°° *V(-t)Ca Pn ({p < -t})dt < +oo| . 

Here Cap^(-) denotes the Monge- Ampere capacity introduced by E. Bedford 
and B.A. Taylor [3J. This yields in particular several properties: the classes 
£ x (£l) are convex, stable under taking the maximum. 

In section 5, we study the range of the complex Monge- Ampere operator 
on the classes £ X (Q) in the case when the function x is convex. Given a 
positive Borel measure /x on f2, we have: 

Theorem C. Let x '■ R _ — * o- n increasing convex function such that 

x(— 00) = —00. Then there exists a unique function ip £ fv(O) such that 
[i = (dd c ip) n if and only if there exists a constant C > such that 

J -x°udfi < (7 2 max \l, (^J ~x° u{dd c u) n ^j "V V u G £ (Q). 

The proof of this theorem remains valid when x(t) = — ( — t) p for p > 0, 
which yields a simple proof of the main theorem in [12j . 

In section 6, using results from [16| and we prove that, for almost 
all weights x, the functions of the classes S X (JY) admit global subextension 
with logarithmic growth and local subextension with finite x _ener gy- 
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2. The class 

In this section we give some properties of the U.Cegrell class The 
main tool will be the capacity estimate of the sublevel sets of psh functions. 
The Monge- Ampere capacity has been introduced and studied by E.Bedford 
and A.Taylor in [3J. Given K C SI a Borel subset, its Monge- Ampere capac- 
ity relatively to f2 is defined by 

Cap n (iO := sup j J (dd c u) n ; u G PSH(Q), -1 < u < J . 
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Let recall some U.Cegrell's classes. The class £ (Q) is the set of plurisubhar- 
monic functions u such that for all zq £ f2, there exists a neighborhood V ZQ 
of zq and Uj £ £q(Q) a decreasing sequence which converges towards u in 
V ZQ and satisfies sup,,- j n (dd c Uj) n < +00. U.Cegrell has shown [13] that the 
operator (dd c -) n is well defined on £ (Q) and continuous under decreasing 
limits. The class £ (O) is stable under taking maximum and it is the largest 
class with these properties (Theorem 4.5 in |13]). The class £(f2) has been 
further characterized by Z.Blocki [8], [9]. 

The class J-(£l) is the "global version" of £(£1): a function u belongs to 
jF(f2) iff there exists a decreasing sequence Uj £ £q(£Y) converging towards 
u in all of f2, which satisfies supj J n (dd c Uj) n < +00. 

The class J- a {Q) is the set of functions u £ -? 7 (^) whose Monge- Ampere 
measure (dd c u) n is absolutely continuous with respect to capacity i.e. it does 
not charge pluripolar sets. Similarly, £ a (f2) is the set of functions u £ £(Q) 
whose Monge- Ampere measure (dd c u) n vanishes on pluripolar sets. 

Lemma 2.1. Fix ip € ^"(O). Then for all s > and t > 0, 

(2.1) t n Cap n (ip <-s-t)< [ {dofiff < s n Capn(<p < -a). 

Therefore u £ .F(O) if and only if lim sup s _> s n Capn(u < —s) < +00. In 
particular, if u £ ^"(O) f/ien 

/ (dcf u) n = lim s n Ca Pn (u < -s) 
Jn 

and 

(dd c u) n = lim s n Capn(u < -s). 



I 

J(u 



' (u=— 00) 

Note that the complex Monge- Ampere measure of a psh function u on Q 
does not charge pluripolar sets if and only if it puts no mass on (u = —00) 
(cf. [7J). Thus « £ J^ a (0) if and only if lim s ^ +oc s n Cap n (u < -s) = 0. 

The right hand inequality in (|2.ip has proved by S.Kolodziej [22] when tp is 
bounded (see also [5] and [18] for the compact setting). For the convenience 
of the reader we give here a simple proof which uses the same idea. 

Proof. Fix s, t > 0. Let K C {if < — s — t} be a compact subset. Then 
Cap n (K)= [ (dd c u* K ) n = [ {dd c u* K ) n 

= I (dd c u* K ) n = (dd c v) n , 

J {ip<-s+tu* K } 1 J{f<v} 

where u* K is the relative extremal function of the compact K and v := 
— s + tu* K . It follows from [J] that 

(dd c v) n = ^f (dd c max(ip,v)) n < 

{(fi<v} " J {ip<max((p,v)} 

^ [ (dd c ^) n = 1 / {dd^)) n < 1 / (cMV)) n • 

c i{^<max(ip,«)} c J{ip<— s+tux} J{tp<—s} 
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Taking the supremum over all K's yields the first inequality. For the right 
hand inequality, we have 

/ (dd c <p)) n = I {dd c v)Y - [ (^V)f 

J {<p<—s} Jfl Jip>—s 



(dd c max((/?, — s)) n — / {dd c max(( / 9, — s)) n 

J ip>—s 

= / (dd c max((/3, — s)) n < s n Capa{ip < —s}. 

J ip< — S 

□ 

It is known (see [12], [13]) that the class J 7 ^) has many properties. 
Namely it is a convex cone, stable under maximum: if u G and v G 

PSH~(fl) then max(u, G J 7 ^) and if u G J 7 ^) then Urn sup u _, qq u(z) = 
0. The subclass ,F a (f2) satisfies the same properties. All these properties 
can be deduced easily from Lemma 12 . 1 1 using just some basic properties of 
the Monge- Ampere capacity. 

The following corollary generalizes some result in \17\ . 

Corollary 2.2. Fix u G J 7 ^), and Let h :] — oo, 0] — >] — oo, 0] be an increas- 
ing function such that h(0) = and ho u is psh. Then h o u G -T 7 ^) if and 
only if h'(0~) < oo. Furthermore hou G J- a {Q) if and only if ' u G J- a (Q) or 
h'(-oo) = 0. Moreover we have 



(dd c hou) n = (h'(0-)) n / (dd c u 



i 

J(h 



(dd c h o u) n = {h'{-oo)) n / (dd c u) n . 

'(/iou=— oo) J (u=—oo) 

Here h'(0~) = lim s _^ - h(s)/s and h'(-oo) = linis^+oo . 

U.Cegrell observed in [H] that if u G ^(n) then -(-n) 1 /™ ^(fi). The 
corollary above state that — (— u) a J r (Jl),Va < 1. 
We end up this section by extending some result in 



Corollary 2.3. Let Q\ and £l 2 be two hyperconvex domains in C n and C p 
respectively. Suppose u\ G ^"(^i) and U2 G JF(J7 2 ), then max(m,it2) G 
!F(p.i x fl 2 ) and 

(dd c max(u h u 2 )) n+p = f (dd c Ul ) n [ (dd c u 2 ) p , 



(dd c max(u u u 2 )) n+p = (dd c Ul ) n (dd c u 2 ) p . 

(ui=—oo)x(u2=—oo) J (u\=— oo) J (u2=—oo) 

Moreover, (dd c m&x(ui, u 2 )) n+p vanishes on the pluripolar subsets o/f2i x 
Q2 */ snc? on/?/ ?/ (dd c u\) n (or (dd c u 2 ) n ) vanishes on the pluripolar subsets 
of Qi (resp. offt 2 ). 

Proof. Observe that 

{(z,w) eSli x Q, 2 ; max(ui(z), u 2 (w)) < —s} = 

{z G Qi;ui(z) < —s} x {w G £l 2 ;u 2 {w) < —s}. 
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Then it follows from [TO] that 

s n+p cap nixn2 ({(z, w) G x r2 2 ;max(ui(z),u, 2 ('w) < -s}) = 

s n capQ 1 ({z 6 fii;ui(z) < — s})s p cap fl _ 2 ({w G f^; ^(w) < — s}- 
Hence the desired results follow by Lemma 12.11 □ 

3. Capacity of sublevel set 

It's well known that if u G PSH~(£l) is any psh function then for every 
compact K (j= Q there is a constant C > such that 

Cap Q {{u < -s}DK) <-, Vs>0. 

s 

But if u G £ (O), the capacity of sublevel set decreases at least like s~ n , i.e. 
for every compact K d 0, there is a constant C > such that 

Ca Pn ({u< -s}nif) < ^, Vs>0. 

s n 

In fact this is a necessary condition (cf Lemma 12. If) but not sufficient to get 
u G Indeed, let B C C n , n > 2, the unit ball, we consider the psh 

function u(z) = — (— log • It's clear that it satisfies the last condition 
but u <£ £(Q), cf p], [E]. 

In this section, we show that if the capacity of sublevel set of a psh 
function u decreases fast enough then its complex Monge-Ampere (dd c u) n 
is well defined. 

Denote by P n (0) the space of all negative psh function u G PSH~{Q) 
such that 

/•oo 

/ s n ~ l Cap n ({u < -s} n K)ds < oo, 
A) 

for every compact K <s Q. 

Bedford has introduced the following class (see [2]). Let : R — > 1R 
be a decreasing function such that t — » — (— 16>(— t)) 1 /™ is an increasing and 
convex function on ] — oo, 0] and 

(3.i) r°° e -^dt < +oo. 



t 

Define B(£l) to be the class of negative function u G PSH~(Q) such that 
for any z$ G £1 there exist a neighborhood w of ^o, a negative psh function ^ 
and a decreasing function 6> satisfying (|3.ip such that —(—\/j6(—'ip)) 1 / n < u 
on cj. 

Proposition 3.1. For any hyperconvex domain f2 <s C n , we /iai>e B{Q) C 
P n (fi). in particular, for any negative psh function v on£l and any < a < 
1/n, -(-«)« G P n (0). 

Proof. It follows from the definition of B{Q) that, for any a; (e and s > 
(3.2) {u < -s}noj C {-(-^(-^)) Vn < -s}Duj = {-i/>0(-ij>) > s n }Duj. 

Let k be a function such that k = 6 and n(0) = 0. The function k is concave. 
Hence 

> t9(t), Vt > 0, 
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which together with (|3.2p yield 



/ s n - 1 Cap n ({n < -s}nu)ds < / s n ^ 1 Cap n ({K(-^) > s n } n w)ds 
Jo io 

/>oo 

<C X + s n - 1 Cap n ({V' < -K _1 (s n )} n w)c2s < 



„n— 1 j„ /"f i ri 



C! + C 2 / s n ~' — ds = d + C 2 / -^dt < oo, 
Jl K \ s ) Jl t 

which completes the proof. □ 

More generally, let us consider an increasing function h : R~ — > M~. 
Then we have: 

Proposition 3.2. Suppose that h satisfies 

f +OD (-H-sT^h'i-s) . 

(3.3) / — i — ids < +oo. 



Then for any psh function u E PSH (ft) such that h o u E PSH(Q) we 
have h o u E 7-n(0). Moreover, if h is convex, then h o PSH~(Q) C ^(fi). 

The following lemma (cf [TB]) will be useful later on. 

Lemma 3.3. For any psh function u E £ (Q), we have 

(3.4) / (dd c u) n < (|| u || B ) n Ca Pn (B), 

Jb 

provided that \\ u \\b= sup B \u\ < oo. 



Proof. Denote M = sup B \u\ < oo, and fix e > 0. Since B C {u > —M — e}, 
it follows from [7J 

/ (dd c u) n = [ (dd c max(u,-M -e)) n < (M + e) n Ca Pn (B). 
Jb Jb 

Letting e — > yields the desired estimate. □ 

Here we will show that the complex Monge- Ampere operator is well de- 
fined in the space VniP) and puts no mass on pluripolar sets. 

Theorem 3.4. For every hyperconvex domain £1 <e C n , we have 

v n (n) c s a (n). 

Conversely, if u E £ (Q) then there exists an increasing convex function 
X : IP — > M~ suc/i f/wrf 

s n_1 x'(-s)Cap n ({z E if ; u(s) < -s} )ds < oo, 

for all compact K <s 0. 

Proof. The last statement is an immediate consequence of Corollary 4.4 in 
[7]. To prove the first one, fix u E V n (0,). It follows from [T3] that there 
exists a decreasing sequence Uj E £q(Q) such that limj Uj = u. Let -B (s 
be a ball and consider, for j > 1, the function Uj defined by 

(3.5) ^j(-z) := sup{v(z); u E PSH~(Q) and v < Uj in B} z£0. 
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It's clear that Uj decreases to ub defined by 

ub(z) = sup{v(z); v G PSH~(Q) and v < u in B} \/z G Q. 
So, it's enough to prove that 

sup / (dd c Uj) n < oo. 
j Jn 

In fact, this a simple consequence of some precise estimate of the Monge- 
Ampere mass in terms of capacity of sublevel set which can be stated as 
follows. There exists a constant C = C{n) depending only in n such that 



(3.6) 



r r+oo 

/ {dd c ip) n <C s^CwpniK n y < -s})ds, 
Jk Jo 



for any negative bounded psh function <p and any Borel subset K <e f2. 
Indeed, it follows from Lemma [ 



„ k=+co ,. 

I (dd c ip) n = V / (dd c ip) n 



k=—oo 
k=+oo 

< 2- fen Cap n (Kn{2^ 1 < -<p < 2 k }) 

k=—oo 

k=+oo r 2 k 



< C V / ns^CspniKni-v^s}) 

J-^ 1 J2 k - 1 
K=—oo 

poo 

< C s n ~ l C&p n (Kn{(p<-s})ds 

Jo 

poo 

< C s n - l Cap n (Kf]{^<-s})ds. 

Jo 

Now, we apply the estimate (I3.6|) to Uj, to get 

p p poo 

/ (dd c uj) n = / (dd c Uj) n <C s n ^ 1 Cap n (K n {u < -s})ds < oo. 
Jn J b Jo 

Which prove that G !F(Q) and therefore u G £ (O). Since the Monge- 
Ampere capacity Cap r2 (-) vanishes on pluripolar sets, it follows that ub G 
F a (VL) and then u G £ (£1). □ 

Corollary 3.5. For any hyperconvex domain f2 <s C n , we have B(Q) C 
£ a (Q), i.e. for any function u G B(Q), the complex Monge-Ampere measure 
{dd c u) n is well defined and puts no mass on the pluripolar sets. 

If h : M~ —* M~ is an increasing convex function satisfying the condition 
irk) , then h o PSH~(Q) C £ a {Sl). 

In particular, for any < a < 1/n, the psh function —(—u) a G £ a (£l). 

A similar result of the second statement, with a deferent proof, has been 
obtained recently by Z.Blocki in [11] . The author wishes to thank to the 
anonymous referee for sending him the recent paper 

The first statement has been also proved in 1.1 5] and |16j . 



s 
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4. The weighted energy class 

Definition 4.1. Let x '■ — ¥ be an increasing function. We let £ x {&) 
denote the set of all functions u G PSH(Q) for which there exists a sequence 
Uj G £q(Q) decreasing to u in £2 and satisfying 



sup / (— x) ° uj (dd c Uj) n < oo. 
jeN Jn 

This definition clearly contains the classes of U.Cegrell: 

• £ x (n) = F(Q.) if x is bounded and x (0) + 0; 
. £ x (n) = £P(Q) if x(t) = -(-*)"; 

. s x (n)=F>(n) if x (t) = _i_(_t)p. 

Let us stress that the classes are very different whether X (0) ^ 

(finite total Monge-Ampere mass) or X (0) = 0, x{~ 00 ) = ~°° or x( — °°) 7^ 
—00, and x is convex or concave. 

The case X (0) / was studied in [7J, here we consider the general case 

x(o) = 0. 

It is useful in practice to understand these classes through the speed of 
decreasing of the capacity of sublevel sets. 

Definition 4.2. 

4(fi) := L G PSH-(Q)/ t n x'(-t)C aPn ({<P < ~t})dt < +co| . 

The classes £ X (Q) and £ X (Q) are closely related: 

Proposition 4.3. The classes £ x (&) are convex and if ip G £ X (Q) and 
i\) G PSH-(ty, then max((p,ip) G £ x (fy. 
One always has £ X {Q) C £ X {£1), while 

£ X (U) C £ x (ft), where X (i) = x(t/2). 

Proof. Cf Proposition 4.2. in [7J. □ 

Corollary 4.4. Let x ■ K~ — * be an increasing function. If u G £ x {Q) 
then limsup 2 ^ u(z) = 0, V£ G dQ. 

Proof. In fact, we prove the following claim which has its self interest. 

If a subset E C f2 has a "big contact" with the boundary dSl of f2, then 
its Monge-Ampere Capacity is infinite. For instance, if E = B f] O, where 
B is a ball centered at some point in d£l. 

Indeed, let Kj be an increasing sequence of regular compact subsets such 
that E = UKj. The extremal function uk G £q{Q) an d decreases to the 
extremal function ue- It's clear that ue J-(yt). Thus 

sup CapQ(Kj) = sup / (dd c UKj) n = +00. 

Therefore C&Pq(E) = +00. 

Now, we prove the corollary. Assume that there exists a £0 G <9f2, such 
that limsup^^ u(z) = S < 0. This yields that there exists a small ball 
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centered at Co such that Bflfi C {u < 5/2}. Then, it follows from the claim 
that 

Cap n {u < —s} = +00, Vs < —5/2, 
which contradicts the fact u £ £ x (£l) C £ X (Q). □ 

Theorem 4.5. Let x '■ ~~ * ^ e a convex, or concave, increasing func- 
tion such that x(—°°) = — °o and x(0) = 0. Then 

£ x (n) C £ a (ft). 

Moreover, if u E £(f2) and w € ^x(^) are suc ^- that (dd c v) n < (dd c u) n , then 
u < v. 

Proof. Fix u £ £ x (0,), denote Uj a defining sequence such that 

sup / -x(uj){dd c Uj) n < +00. 
3 Jo. 

1)° If x is convex: It clear that 



sup / -x(ui)(dd c Uj) n < sup / -x(uj)(dd c Uj) n < +00. 
j Jo, j Jo. 

So it follows from |14j that u £ £{Vt). 

2)° If x is concave: It follows from the concavity assumption that 

-x(-j) = x(o) - x(-i) < ix'(-i)- 

Then for any compact ts fi, 
/■+00 

/ t n_1 Cap n ({v3 < -t} n < 

r+00 

C! + C 2 / tV(-i)Cap n ({v? < -t})dt < +00. 

Therefore, from Theorem 13.41 we deduce u E £ (O). 

Now we prove the second statement. In fact we will adapt the same idea 
as in the proof of Theorem 6.2 in [12] for the case £ p (fl). Fix p £ £q(J1), not 
identically 0. We assume that — 1 < p < 0. 

First, we assume that x is convex. Then for any j > 1, we have 

(dd c max(v, jp)) n = l {v>jp} (dd c v) n + l {v < jp} (dd c max(v, jp)) n , 

where 1a is the characteristic function for the set A. By [2U] there exist 
gj E £0 such that (dd c gj) n = l{ v< j p }(dd c m&x(v,jp)) n . Thus (dd c (u+gj)) n > 
(dd c max(i), jp)) n - It follows from the comparison principle for bounded psh 
functions (see for example [3], [13]) that u + gj < max(v,jp)) n . Hence 

u + lim sup #j < v = lim max(v,jp). 

j — >oo 3 *°° 

Now it's enough to prove that lim sup^^ gj = a.e. Denote w m := 
(sup fe>m <7fc)*, we prove that J n —x(w m )(dd c w m ) n = 0, and this implies that 
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w m = 0, a.e. Let j > m. By integration by part, we have 



X (w m )(dd c w m ) n < / -x(mp)(dd c Wj r < / - X (mp)(dd c gj r 
Jn Jn 

-X(mp(z)) f . . 

< sup , / -xUP)X{t.<ip}(ad max(w,jp)) 

^eft — X\JP\ Z )) Jn 

< sup — ^ ^- rr~ sup / — x((max(v, jp))(dd c max(u, jp)) n < +oo. 
zen -X{JP(z)) j>mJn 

We claim that 

hm sup -, — rTV - = 0. 

Indeed, for put s = p(z). Assume, on the contrary, that 

— "yiffis ) 

(4.1) limsup sup — ^ — ^ > 5 > 0. 

j^oo -l<s<0 -XKJs) 

Then there exists a sequence Sj converging towards such that J^™^? > 
5 > 0. Since msj — > 0, as j — > oo, it follows that jsj — > 0, as j — > oo. Since 
X is convex, we have 

0J - ~ — 1 = > 0, as j ^ +oo, 



~xU 3 j) 3 s j 3 
which contradicts ()4.ip . Therefore, the claim is proved. Hence lim sup^^ gj - 
0. a.e. 

Now, if x is concave. We modify slightly the above proof. Indeed, since 
X is concave, the function x~ 1 (jp) £ ^o(^) f° r an Y J > 0. Then 

= l{v>x- 1 (jp)}( ddCv ) n + 1 {t.< x - 1 0»}( ddCmax ( t ''^ 1 (^))) n - 
We consider the function gj G £o(fi) satisfying 

(dc%) n = l {v < x ^i {jp)} (dd c max(v,x~ 1 (jpW- 
Then we repeat the same arguments as above. □ 

Note that if u G i s sucn that J n (dd c u) n < +oo then it G 

Therefore, by Lemma 12. 1\ the total mass J^(dd c u) n depends only on the 
behavior of u near d£l. Now, if j n (dd c u) n = +oo then J^(dd c max(u, —s)) n = 
+oo, Vs > 0, and since f^ u= _ s ^ (dd c max(it, — s)) n < +oo (cf Lemma f3T3|) it 
follows that i\ u> _ s - ) {dd c u) n = +oo and Ji u< _ s \{dd c u) n < +oo, Vs > 0. 

Lemma 4.6. Ifu G ^ en ^ er e exists a decreasing sequence Uj G £o($l) 

with limnj = u and 



lim / (— x) o Uj(dd c Uj) n = / (-%) ° u(dd c u) n < +oo. 
i^^Jn ' Jn 

This result was proved by U.Cegrell (cf [12]) for the classes £ p (f2). The 
same proof still valid in the general context. For the convenience of the 
reader we give here the proof. 
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Proof. It follows from [20] that there exists, for each j G N, a function Uj G 
£o(Q) such that (dd c Uj) n = l{ u> j p }(dd c u) n , where p G £o(^) any defining 
function for Q = {p < 0}. Observe that (dd c u) n > (dd c u j+1 ) n > (dd c Uj ) n . 
We infer from the comparison principle that (uj) is a decreasing sequence 
and hnij Uj = u. The monotone convergence theorem thus yields 

/ (-x)o Uj (dd c Uj r 

Jn 

= / i~x) °u j l {u>jp] {dd c u) n -» / (-x) o u{dd c u) n < +oo. 

Jn 

□ 

The following capacity estimates of sublevel sets will be useful later on. 

Proposition 4.7. Let x '■ — > ^ e arc increasing convex, or concave, 
function such that x(—oo) = — °° fl rcd x(0) = 0- Then 

Cap Q ({^ < -2a}) < - ) / - X (^)(^V) n ; 
/or any s > and any function ip G £ X (Q). 

Proof. Follows from Lemma [2. II by approximating ip by ipj G £o(^) given by 
the lemma above. □ 

Proposition 4.8. Let x ■ — * be an increasing convex, or concave, 
function such that x(— oo) = — oo and x(0) = 0. Then there exists a constant 
C = C(x) such that 

Ca Pf ,({^ < -a}) < % [ -x(-)(ddV) n , Vs > 0,V^ G £ X (Q). 
s Jn s 

Proof. First we give the proof in the case n = 2. Let K 6= {ip < —s} 
be a compact subset, uk denotes its relative extremal function. Choose 
Xi : M~ — > M~ to be an increasing function such that Xi = X an d Xi (0) = 0- 
Then 

(4.2) dd c xi(v?) = Xi(<p)&P A d V + Xi(<p)dd c ip < X 'i(v)dd c (p, 
and 

(4.3) - dd c xi{<f) = -Xx{v)d<p A dV - Xx{v)dd c <p < ~x{v)dd c <p. 

It follows from [13] that there exists a decreasing sequence G £o(^)nC(Q) 
such that \ <£. Then integrating by part together with the previous 
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inequalities yield 

k Jk -Xi(-l) 3 Jk -Xi(-l) 



1 

T-xU-i) 
c 



lim - — — I —UKdd c —Xi{fj/s)A(dd c UK 

In 

,n-l 



.71— 1 



< lim — / —UKXiiVj / s )dd c (pj A (dd c UK 

< lim— / x'i( l Pj/ s )dd c (pj A (dd c UK) n ~ 1 



< 



i s Jn 
C 



lim — / UKdd c X\{fj I s ) A dd c <pj A (dd c ux 
o s Jn 

< lim^ / -Xibj/sKddftpj) 2 A(dd c u K ) n - 2 



,n-2 



C 



= ^ I -xi(<p/8)(dd?<p)*A(dd?u K ) n - 2 . 
s Jn 

For the general case, we use the same arguments. Indeed, we consider an 
increasing function xi : K _ — > IP such that = X an d Xi(0) = 0. Then, 



the repeated application of inequalities (14. 21) . (14. 3p and the integration by 
part yields the desired estimate. □ 

Hereafter, we will see that in fact, the classes £v(fi) nve i n some natural set 
of psh functions introduced by U.Cegrell in |14j . Let us recall its definition. 
Let Oj d f2 be an increasing sequence of strictly pseudoconvex domains such 
that Q = UjQj. Let u G £(fi) be given and put 

"Uf^ := SU P W £ PSH(£l); ip < u on \ JX,} . 

Then the sequence no. G £(0) is increasing, so u := (lim.,- tif^)* G £(0). 
The definition of u is independent of the choice of the sequence Qj and is 
maximal i.e. (dd c u) n = 0. u is the smallest maximal psh function above u. 
Define J\f(Q,) := {u G £(&)', u = 0}. In fact, this class is the analogous of 
potentials for subharmonic functions. Also, denote AT a (£l) = £ a (£l) nA/"(fi). 

Proposition 4.9. Let x ■ —* be a convex, or concave, increasing 
function such that x{~ 00 ) = ~°° an d x(0) = 0. Then 

s x (n) crp. 

In particular the Monge- Ampere measure (dd c u) n of a function u G £ x (ty 
is well defined and does not charge pluripolar sets. More precisely, 

£ X (U) = {u G N{VL)/x°u G L l {(dd c u) n )} . 
Proof. Fix u G £ x (fy an d u j £ £q(Q) a defining sequence such that 



sup / —x{uj)(dd c Uj) n < +oo. 
j Jn 



It follows from the upper semi-continuity of u that —x(u)(dd c u) n is bounded 
from above by any cluster point of the bounded sequence —x(uj)(dd c Uj) n . 
Therefore Jo( — x) ° u(dd c u) n < +oo, in particular [dd c u) n does not charge 
the set {x(u) = — oo}, which coincides with {u = — oo}, since x(~ °°) = 
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— oo. It follows from Theorem 2.1 in [7J, {dd c u) n does not charge pluripolar 
sets. Now it remains to prove that u € JV"(f2) ie. the smallest maximal 
function above u is null. Let u be a such function. Then u < u < 0, thus 
u € S-yiyi) C £%(££). It follows from Lemma [4.6l that there exists a decreasing 
sequence € £q(£1) with limuj = u and 



lim / (~x) ou j (dd c u j ) n = / (~x) o u(dd c u) n < +oo. 

Hence Lemma O implies that / + ~ fY(-i/4)Cap n ({ii < = °> this 

yields that u = 0. 

To prove the last assertion, it remains to show the reverse inclusion 

£ x (n) d {ueM(n) /xoMei 1 ^)")} . 

This is an immediate consequence of Lemma 14.61 □ 
Note that, unlike the case x(0) 7^ with the class .F(^) (cf [7]), we have 

p| f x (n) <^Af(n) nL°°(n), and (J £ x (o) £ A/" a (ft). 

x(o)=o x(o)=o, 

x (-oo)=-oo x(~°°)=-°° 

One can see |14| for examples of functions in the class J\f a (Q) nL°°(i}) which 
do not belong to any £ X (U). 

Let x '■ ~~ > be an increasing function. We say that x is admissible 
if and only if x is convex or concave and if there exists a constant M > 
such that 

(4.4) X '(-2s) < Mx(-s), Vs > 0. 

Observe that any homogenous function x[t) = ~~ ( — t) p p > 1, is admissible. 
Anther example of admissible function which is not homogenous (cf |19j ) is 
x (t) = -(-t)P(log(-t + e)) a , p > 1 and a > 0. 

Proposition 4.10. If x is an increasing admissible function, then we have 
£ X (Q) = Le PSH-(Sl)/ ^ + °°fY(-i)Cap n ({v9 < -t})dt < +oo| . 

Proof. Follows easily from Lemma 12.11 and (|4.4p . □ 

Theorem 4.11. Let x : ^ e an admissible increasing function such 

that x(— 00) = —00 and x(0) = 0. Fix u G anc ^ se ^ u3 = m ax(ii, — j). 

T/ien for each Borel subset B C Q, 



lim / ((f(iV) n = f (dd c u) 
Jb Jb 



and 



L 



X (ui)(dd c ui) n -> / X («)(^ c «)". 

'B JB 

Furthermore, if Uj is any decreasing sequence in £ X {£1) converging to u, 
Then 



lim / x(uj)(dd c Uj ) n = / x(«)(^ c «) n - 
The first statement, as we will see in the proof, still valid for all weight x- 
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Proof. Let 6 C SI be a Borel subset. If J B (dd c u) n = +00 then for any 
j > 0, J B (dd c u J ) n = +00. So we assume that j B (dd c u) n < +00. It follows 
from Lemma 13.31 and Proposition 14.71 

(dd c u j ) n 

B 



f {dd c u) n 




IB 


J{u< 



(dd c ui) n + / {dd c u) n 



< j"Ca Pf ,({n < -j}) + / -^L(dd%Y 



(«<-i) 



-x(-j) 



2^+1 r 

^ 1 / -x{u){dd c u) n , -» 0, as j -» +00. 

-X(-J/2) J(u<-j/2) 

The proof that x o u 3 {dd c u 3 ) n converges strongly towards X u(dd c u) n goes 
along similar lines, first observe that from Lemma 13.31 we have 



(4.5) / - X o«'(ddV) n = -x(-j) (dd c ui) n 

J{u<-j} J{u<-j} 

(4.6) < -x(-i)i n Ca Pn ({« < -j}). 

Since X ls an admissible function, it follows that there exists a constant 
C > 1 such that 

- X (-2s) < -Cx(-s), Vs > 

This yields 
(4.7) 

lim - x (-j)^Ca Pn ({« < -j}) < lim -C X (-j/2).rCap n ({u < -j}) 
< lim -2 n+1 C X (-j)rCap Q ({ U < -2j}) 



< lim 2 n+1 C [ - X {u){dd c u) n = 0. 



'{«<-.?} 

Then (|4.6p and ([4.7|) together with Proposition 14.71 imply that 



lim / - X ou ] {dd c u J ) n = 0. 

Hence the proof of the second statement is completed. 

Now, once the first and second assertions are proved, we apply the same 
proof as that of Theorem 3.4 in [7] to show the last statement. □ 

We conclude this section with a characterization of bounded function in 
the classes £ x (£l), extending Y. Xing's main result in [25J. 

Proposition 4.12. Let u E £ x (Cl). Then u is bounded in the domain $7 if 
and only if there exist constants A > and B such that for any real k < B 
with CapQ(u < k) 7^ we can find an increasing sequence k < k% < hi < 
■ ■ ■ < k s = B with k\ < k + 1 and 

( W"-o- V /n :A 

yCa Pn (u < kj-i) J 
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Proof. The necessary implication is obvious. To show the sufficient one, 
assume on the contrary that u is unbounded. Then Capn(u < k) ^ for all 
k < 0. It follows from Lemma |2. II 



l/n 



B - 1 - k < v k 3 - k 3 _ 1 < v ; (M< 7 )V - . < a . 

Hence B — 1 — k < A for all k < B, which is impossible. The proof is 
complete. □ 

5. The range of the complex Monge-Ampere operator 

The image of the complex Monge-Ampere operator acting on the classes 
6p(Q), has been extensively studied by U.Cegrell. The main result of his 
study, achieved in jl2j, is given as follows. Given a positive measure /i, then 
there exists a unique function ip G £ p (tt) such that fi = (dd c ip) n if and only 
if there exists a constant C > such that 

p 

(5.1) f {-u) p dfi <c( f {-u) p (dd c u)A n+P , \fu G £o(fl). 

Observe that this necessary and sufficient condition is equivalent to the fol- 
lowing: The operator u — > J n (—u) p dfi is uniformly bounded on the compact 
"pseudo-ball" £ P {Q) := {u G £ P (Q); J n {-u) p (dd c u) n < 1}. The following 
theorem extends U.Cegrell's main result [12J. 



Theorem 5.1. Let x '■ K M be an increasing convex function such 
that x(— oo) = — oo. The following conditions are equivalent: 

(1) there exists a unique function ip G £ x {^) such that \i = {dd c <p) n ; 

(2) there exists a constant C\ > such that 

(5.2) / -x°ud/j,<Ci, V u G £ (O), 
Jn 

(3) there exists a constant Ci > such that 

(5.3) J -x°udiJL < C 2 max ^1, (^j - X ° u(dd c u) n ^ n ^j , V u G £q(Q). 

Here £ (fy := {u G £ (n); J Q - X o u(dd c u) n < 1}. 

Proof We prove that (1) ^> (2) (3) ^> (1). 

We start with (3) => (1). It follows from [7] (see also Proposition 14. 10]) that 
the class £ x (£l) characterizes pluripolar sets. Then the assumption (|5.3|) on 
[i implies in particular that it vanishes on pluripolar sets. It follows from 
[T5] that there exists a function u G £o(£l) and / G L\ oc ({dd c u) n } such that 
H = f(dd c u) n . 

Consider jXj := min( f , j)(dd c u) n . This is a finite measure which is bounded 
from above by the complex Monge-Ampere measure of a bounded function. 
It follows therefore from [20j that there exist cpj G £o(P>) such that 

(dd c ipj) n = mm(f,j)(dd c u) n . 
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The comparison principle shows that (fj is a decreasing sequence. Set tp 
limj-^oo tfj. It follows from f)5.3j) that 



Hence 



-X{¥j){dd c ipj) n < C 2 max ( 1, f jf -x^Pj){dd c ipj) 



sup / -x((Pj)idd c (pj) n < C" /n 1 < oo. 



l/n N 



3 

So it follows from Proposition 14.101 that 



r+oo 

sup / t n x'{-t)Cap n ({<pj < -t})dt < +oo, 
j Jo 

which implies that 

r+oo 

/ t n X '(-t)Ca Vn {{v < -t})dt < +oo. 
J o 

Then ip ^ —oo and therefore 99 £ f x (0). 

We conclude now by continuity of the complex Monge- Ampere operator 
along decreasing sequences that {dd c <p) n = [X. The unicity of p> follows from 
the comparison principle (Theorem 14. 5 1) . 

Now, we prove (2) (3). Let V G £ (tt), denote £ X (V>) := / n -x(ip)(dd c ipy 
J£ipe £o(Si), i.e. E x (ijj) < 1 then 

/ -x^)dfJ,<C 1 . 
Jn 

If E x (ip) > 1. The function ^ defined by 

$ := - A- G £ (Q). 

Indeed, from the monotonicity of x, we have 



It follows from (|5.2|) and the convexity of x 

J a -xW)<b < E xW l/n j n ~x{ E ( ^i/J ^ < KJSMfl". 

Hence we get (3) with C2 = max(l, C\). 

For the proof of the remaining implication (1) => (2), we use the same 
idea as in [19]. Let u G £o(^) and y € £>c(^)- Observe that for any s > 0, 
we have 

(«<-a)c(«<¥»-|)U( ¥ ><-|). 
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Hence 

f poo f 

(dd c ip) n ds 



r poo r 

(5.4) / - X o U (dd^r= / -x'(-s) / 
Jn Jo J(u 



(u<-s) 



oc 



< / x'(s) / (dd c <p) n ds + / x'(s) / (dd c V ) n ds 

J0 J{u«p-%) Jo J{tp<-%) 

< 2 / x'(-2s) / (dd c ip) n ds + 2 x ' (-2s) / (dd c ip) n ds. 

Jo J(u<ip-s) Jo J(ip<-s) 

The convexity of x yields that 

(5.5) X '{-2s) < M X '(-s), Vs > 0. 

It follows by the comparison principle that, for all s > 

(5.6) f (dd c tp) n < f (dd c u) n < ! (dd c u) n . 

J(u<ip—s) J (u<ip—s) J(u<—s) 



Together (|5,4p . (|5.5f) and (15.60 imply that there exists a constant C inde- 
pendent of u such that — x u(dd c <p>) n < C, Vtt G £o(^)- D 

Note that if % is homogenous, i.e. x(t) = ~(~t) p with p > 0, then the 
above theorem still valid, but we replace the assertion (3) by the following 
(3 ) there exists a constant C 2 > such that 

(5-7) / -x o udfi < C' 2 max | 1, ( / - X o u(dd c u) n ) " +P ) , V u € £ (ty, 



which, thanks to the homogeneity, is equivalent to (15.11) . In particular, this 
generalizes the U.Cegrell's main theorem in [T2]for p > 1 and in [T] for 
< p < 1. 

6. SUBEXTENSION IN THE CLASS £x 

Here we will show that functions in the classes £ x {&) admit subextension. 
We need to recall the usual Lelong class of psh functions. Let 7 > be a 
positive real. Then 

f maxiuii_ r (p(z) 1 
CJC n ) :=\<pe PSH(C n ); limsup | 2 "~ rVA ' < 7 }. 

[ r-*+oo logr J 

Proposition 6.1. Let x ■ — ► ^ e ari increasing function such that 
x(—oo) = —00 and 

r+00 

-ds < +00. 



s\ X (-s)\^ 

Then for any function ip € £ x {^) an< ^ anv e > 0, there exists a function 
U £ S C £ (C n ) such that U £ < ip on Q. 

Proof. Define the function h(s) := Cap^({-u < — s}). It follows from the 
proof of Theorem 14.111 that 

Cap c ({ U < -a}) < / - X {u){dd c u) n . 

s n \x(-s/2)\ J {u <„ s/ 2} 
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Then 

f < 2 (J a -xMwyf s|%( _ s 1 /2)|1/ „ rf» < 

Hence the assertion follows from Theorem 4.1 in |16j . □ 

Theorem 6.2. Let Q C Q C C n oe hyperconvex domains. Let x ■ K~ — * 
oe an increasing function such that x(~°°) = —00. If ti G £y(fi), i/ien i/iere 
exists u 6 ^x(^) suc/i i/iai u < w on f2, (dd c u) n < (dd c u) n on £1 and 
E x {u) < E x {u). 

Proof. With slightly different notations, the proof is identical to that in the 
case £p(p). We refer the reader to [23] for details. □ 
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